This work considers the g-tensor anisotropy induced by the flexural thermal vibrations in onedimensional structures and its role in electron spin relaxation. In particular, the mechanism of spin-lattice relaxation via flexural modes is studied theoretically for localized and delocalized electronic states in semiconducting carbon nanotubes in the presence of magnetic field. The calculation of one-phonon spin-flip process predicts distinctive dependencies of the relaxation rate on temperature, magnetic field and nanotube diameter. Comparison with the spin relaxation caused by the hyperfine interaction clearly suggests the relative efficiency of the proposed mechanism at sufficiently high temperatures. Specifically, the longitudinal spin relaxation time in the semiconducting carbon nanotubes is estimated to be as short as 30 µs at room temperature.
I. INTRODUCTION
Unique electronic, mechanical and structure properties of carbon nanotubes (CNTs) continue to be a focus of extensive investigation to date (see Refs. 1 and 2 as well as the references therein). For one, it is considered to be the ultimate system for continued "scaling" beyond the end of the semiconductor microelectronics roadmap. 3 At the same time, recent studies 4, 5 drew attention to other important applications of CNTs. Their crystalline properties with low or no impurity incorporation allow the injection and use of electrons with polarized spin as an added variable for computation. Thus, CNTs are an ideal medium for the development of the new emerging field of spintronics. 6, 7 Further, the anticipated long spin relaxation times allows coherent manipulation of electron spin states at an elevated temperature, opening a significant opportunity for spin-based quantum information processing. 8, 9 Clearly, spin dependent properties of CNTs warrant a comprehensive investigation with the spin relaxation times/processes as one of the most crucial.
Recently, electron spin relaxation in the CNTs was examined theoretically by considering the hyperfine interaction (HFI) with nuclear spins I = 1/2 of 13 C isotopes (with the natural abundance of 1.10%). 10 The HFI is thought to be the most important spin relaxation process with the role of spin-orbit coupling routinely dismissed on the ground of its weakness in the carbon-based structures. However, the calculation result predicts the electron spin relation time of the order of one second; a number much longer than that experienced experimentally.
In the present work, we reexamine the role of spin-lattice interaction on electron spin relaxation in semiconducting CNTs. Although the g-tensor anisotropy caused by the spinorbit coupling does not lead to spin relaxation, it can provide an effective mechanism when combined with specific thermal vibrations of the CNT (namely, the flexural phonon modes).
Indeed, any bending of the CNT is accompanied by local rotation of the tube axis and, thus, the principle axes of g-tensor. Consequently, the electron Zeeman energy under a magnetic field will be affected by thermal vibrations through the local angular displacement of the tube axis, leading potentially to electron spin relaxation.
The rest of this paper is organized as follows. In Sec. II, the spin-phonon interaction
Hamiltonian is derived in terms of flexural vibrations and the CNT g-tensor components.
In Secs. III and IV, this Hamiltonian is applied to the problem of spin-flip relaxation in a magnetic field for electrons localized in a finite segment of a CNT (analogous to a quantum dot) and for delocalized electrons. Finally, Sec. V discusses the numerical results through comparison with the HFI-induced spin-flip processes. A range of parameter space is identified where the proposed mechanism may provide a dominant contribution.
II. HAMILTONIAN OF THE SPIN-PHONON INTERACTION
Consider an electron under a magnetic field B. The Zeeman Hamiltonian in an undisturbed CNT can be written in the frame of reference with the axis z directed along the tube as
where µ B is the Bohr magneton, S an electron spin, g ⊥ = g xx = g yy and g = g zz with the principal values of electron g-tensor g xx , g yy , g zz . In the presence of flexural thermal vibrations, the system loses the axial symmetry. If the curvature induced by flexural deformation is small (compared to the CNT diameter), one can introduce local Cartesian axes x ′ , y ′ , z ′ at each point along the CNT (Fig. 1) . The angle between the z and z ′ axes is defined 
where ∆g = g − g ⊥ . Equation (2) shows that fluctuations of z ′ axis leads to fluctuating effective field that can mediate a spin relaxation. The angular displacements θ and ϕ are immediate from the transversal deformation u, so that
In turn, the u = u(z) can be expressed in terms of flexural modes. The latter are the two transversal acoustic modes that have orthogonal polarizations e 1 ⊥ e 2 (we fix their direction along x-and y-axes correspondingly) and possess a quadratic dispersion for mode frequency
with wave number q and polarization κ = x, y. 12 Parameter β in Eq. (4) is defined by the diameter d t of CNT and its elastic properties,
where λ = 0.56 (Ref. 12 ) and v t = 1.4 10 6 cm/s is a transverse sound velocity. 13 The quadratic dispersion law (4) results in singularity in phonon low energy density of states that impacts the dependencies on magnetic field and temperature as it will be shown below.
If we represent the u(z) in second quantization form 14 and substitute it to the Eq. (3) and then to Eq. (2), after some algebra one can find
where ̺ 1 is a linear density of CNT with length A 0 , a † κ,q and a κ,q the operators of creation and annihilation of the phonon with wave number q and polarization κ.
Hereinafter we use only matrix elements of spin operators that describe the spin-flip transitions between the eigenstates |+ and |− of Hamiltonian H (0) Z (1). The diagonal matrix elements can also be responsible for the phase spin relaxation providing the finite phonon lifetime, 15 we however skip this possibility assuming that phase spin relaxation is conditioned by spin-flip processes.
The symmetry imposes the independence of the problem on azimuth direction angle of a magnetic field. For definiteness sake we fix the B -direction so that B x = sin α, . Doing so we ignore a small difference in g and g ⊥ . As a result on can find
B cos 2α and
The Eq. (6) is a basic equation that describes the electron spin interaction with flexural modes in CNT. It will be applied for analysis of spin-lattice relaxation in the cases of localized and delocalized electrons in next two sections.
III. SPIN RELAXATION OF LOCALIZED ELECTRONS
Consider a localized electron in the bias potential applied perpendicular to the semiconductor CNT. Parabolic shape for such potential is a reasonable approximation if we analyze only the ground electronic state. 8, 9 That assumes quite low temperatures, k B T ≪ ω 0 , compared with energy space ω 0 to the first excited state. Under these approximations the envelope wave function reads
, where ξ and η are the curvilinear coordinates associated with the circumference and longitudinal length of the deflection curve of CNT, χ is a two-fold amount for ψ-function amplitudes at the A and B atoms of a primitive cell. We consider small bends of CNT and join η with z axis so that longitudinal part of the Ψ 0 takes the form
where 2d 0 = 2 2 /m * ω 0 is an extension of the electron localization, m * = 2 2 /3d t γ is an effective mass of the semiconducting CNT, γ is a transfer matrix element. The implicit forms of the χ and ψ T (ξ) are irrelevant to the problem under consideration. Besides, we ignore the modifications of the electronic states by the external magnetic field assuming that relevant parameter 2 (d t /2a H ) 2 is rather small (a H = c /eB is the magnetic length).
The averaging of electron-phonon interaction (6) over the Ψ 0 can be reduced to the
Thus, the Hamiltonian of spin-phonon interaction V s−ph = Ψ 0 |V |Ψ 0 for localized electron can be presented in canonical form
where spin-depended operator is
We are looking for the rate of longitudinal spin relaxation T 
where n κ,q = a † κ,q a κ,q = 1/ [exp(ω κ,q ) − 1] is the phonon population factor and ω Z = gµ B B is a Zeeman splitting, a weak anisotropy of g-factor g can be neglected here. The evaluation of the sum in Eq. (11) by means of Eq. (4) with matrix elements of operators in Eq. (10) leads the final result
where g ∼ = g , g ⊥ , the factor F (α) takes into account the angular dependence of longitudinal relaxation,
Equation (13) describes a prominent angular dependence of spin-relaxation rate in CNT.
It reaches the maximal value F (α) = 1 at α = 0, i.e. a magnetic field applies parallel to the axis of CNT, and reduces this value up to F (α) = 0.22 at α = 52.5
• (Fig. 2) . In the case of perpendicular orientation, α = 90
• , only modes with x polarization contribute to relaxation, i.e. F (α) = 0.5.
IV. SPIN RELAXATION OF DELOCALIZED ELECTRONS
Let us consider the spin-flip relaxation for delocalized electrons in semiconductor CNT.
This case is most relevant to the spintronic applications, so we extend the consideration up to room temperatures. Assuming small displacements u we describe the longitudinal component of orbital electronic states in the vicinity of the K valley in terms of plane waves with wave number k counted off from the K point of the Brillouin zone,
This approximation immediately results in momentum conservation when interaction with phonons describes the Hamiltonian (6), i.e. k ′ |e iqz |k = (2π/A 0 )δ(q − k ′ + k) and
where ∆k = k ′ − k, and
The electron scattering in the vicinity of the K ′ valley gives rise to the same results while intervalley scattering is negligible because it entails the excitation of phonons with giant q.
The probability w kk ′ +− of spin-flip |+ → |− due to electron scattering k → k ′ on the phonons can be found in terms of Fermi golden rule. The averaging over the phonon thermal distribution results in
where 
The summation over k, k ′ has to be replaced by integration in the common fashion. In the case of non-degenerate electrons,
One can see that the Eqs (16) 
where we introduce the dimensionless parameters h = ω Z /k B T and ε = 2m * β/ , and an integral function broadening Γ, the integral will reach a saturation, i.e. if
As a result, zero magnetic field quenches spin relaxation mechanism under consideration, T −1
→ 0. We will not consider this effect in more detail. Fig. 3 presents the function h 2 I(h) calculated with Eq. (20) without considering the effect of finite Γ. Note that the h 2 I(h) exponentially decreases in the limit of large h.
V. NUMERICAL EVALUATION AND DISCUSSION
Equations (12) and (19) ∼ T while the temperature independent phonon radiation dominates at k B T < ω Z . Magnetic field dependence runs from zero through the maximum, which is caused by form-factor at relatively short wavelength of resonant phonon. Dependence on CNT diameter (Fig. 5) stems from the explicit dependencies of form-factor, the β [Eq. (5) 
VI. CONCLUSIONS
A mechanism of electron spin relaxation in carbon nanotubes caused by anisotropy of g-tensor and flexural phonon modes is studied. Relaxation time for localized electron is estimated around a second at low temperature while the spin relaxation of delocalized electrons can reach few tens microseconds at room temperature. As it turned out the proposed mechanism is essentially more efficient than the processes of spin scattering due to hyperfine interaction with isotopes 13 C. This holds true up to very weak magnetic fields when Zeeman splitting comes up with electron energy broadening. The mechanism reveals specific dependencies on magnetic field orientation (common for both localized and delocalized electrons) and on the magnetic field strength (with perceptible maximum for localized electron and almost flat dependence for delocalized one). Besides, in contrast to processes of scattering on nuclei spins, the temperature augmentation sufficiently increases relaxations rate. These particularities will facilitate the experimental recognition of the mechanism of spin-lattice relaxation in CNT. 
